Mortality risk via affine stochastic intensities:
calibration and empirical relevance
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Abstract. In this paper, we address the mortality risk of in- to closed form survival probabilities, namely the affine ©ine
dividuals and adopt parsimonious time-homogeneous affinAmong these, we further select time homogenous models: in-
processes for their mortality intensities. We calibraterttod-  deed, in the trade-off between parsimony of parameters and
els to different generations in the UK population and invest model flexibility or generality, we give priority to the first
gate their empirical appropriateness. We find that, in ggfite  We make sure that they are consistent with the criteria that a
their simplicity, non mean reverting processes with deberm good model for mortality should have, as listed, for ins&anc
istic part that increases exponentially - which generalime by Cairns et al. [2006].

Gompertz law - seem to be appropriate descriptors of human ) . , .
mortality. The proposed models prove to fulfill most of the We investigate the empirical behaviour of these processes i

properties that a good model for stochastic mortality sthoul three diffgrent ways. We simulgte the nl_meer of deaths for
have. Empirical results show that the generalization isthvor & 9€neration and compare it with the simulated number of
exploring. Indeed, the variability of number of deaths may i d€aths when the mortality is given by the Gompertz law. This
crease considerably due to the randomness of the mortalif§€"Mits to ascertain the impact of mortality volatility. \sfe-

intensity. We show that the models are suitable for moytalit lect and calibrate one of the models to do mortality forangst
forecasting and mortality trend assessment. within a given generation. We then show how the mortality

trend can be captured by the behaviour of the simulated mor-
tality intensity of different generations. The proposedieis
could also be used for pricing purposes, since they lend-them
selves nicely to a change of measure. However, we do not ad-
dress the pricing issue in this paper.

Keywords: stochastic mortality, affine processes, surviva
probability modeling, survival probability calibration

1 Introduction

The issue of mortality risk has been largely addressed entec  The paper is organized as follows. Section 2 gives a brief re-
years. In the last decades significant improvements in the diyiew of the actuarial literature on mortality risk. Secti@n
ration of life have been experienced in most developed courfonsiders time-homogeneous affine processes for stochasti
tries_ It is Clear that Continuous improvements in the mmyta mortality. SeC'[ion 4 diSCUSSES '[heil’ Calibration reSLnSseC'
rates have to be allowed for when pricing insurance producton 5 their applications. Section 6 summarizes and ouline
that heavily depend on the duration of life at old ages, like a further research.

nuities. Thus, a good model for mortality risk is a fundanaént

prerequisite for consistent pricing and reserving. 5 Modellina mortality risk
Traditionally, actuaries have been treating the demodcaph g Y

assumptions in a deterministic way. They have considereg, s section, we make a brief review of the state of the @rt o
available mortality tables for describing the future eV of mortality risk modelling. Two indicators are typically whto

mortaht){. More recently,. stoqhasnc models have been &dbp describe the mortality of an individual: the survival fuioct
to Qescrlbe the uncertalpty linked to mortality. Amqn'g tes Jnd the death curve.
an important stream of literature focuses on describinghdea
arrival as the first jump time of a Poisson process with stecha The survival function, denoted witf(t), is defined as fol-
tic intensity. This approach, named doubly stochastichés t lows:
one adopted in the current paper. S(t) = P(Ty > t) = 1 — Fr,(¢),
Within the doubly stochastic approach, we select and cali- ) ) ) _
tensity of mortality. We explore those processes which leadf life of a new-born individual, andr, is its distribution
T University of Torma & ICER Torin & Collegio Carlo Albervoncalir function. The survival function indicates the probabitityat a
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5783. vival function, one can easily derive the distribution ftion
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The death curve, ;1 qo, is defined as follows: of mortality, the central death rate, as a two variable fiomct
Many authors have modified the Lee-Carter method. Among

o = S(x) — Sz +1) these are the extensions proposed by Renshaw and Haberman
i 5(0) ’ [2003] and Brouhns et al. [2002].
and indicates the probability for a new-born individual gfd  Another way of dealing with mortality improvements, largel
ing in year of agdz, = + 1]. adopted by insurance companies, is the use of the so-called

. . . “projected mortality tables”, that incorporate (forecast)
An easy way of capturing the mortality trend observed ing,, .\ a| hrobabilities at any age for different calendaarge
the past decades consists in looking at the graphs of the sur-

vival function and the death curves of a population in differ Finally, a fairly recent stream of academic literature msde
ent years (for an accurate report about mortality trends, sethe force of mortality as a stochastic process. Milevsky and
Pitacco [2004a]). One can notice that the shape of the suRromislow [2001] have used a stochastic force of mortality,
vival function becomes more and more “rectangular’ and thevhose expectation at any future date — under an appropri-
mode of the death curve moves towards the right. The firs@te choice of the parameters — has a Gompertz specification.
phenomenon is known as rectangularization, the second as ekhey investigate a so-called mean reverting Brownian Gom-
pansion. Rectangularization occurs since the volatilitthe ~ Pertz specification, with intensity, given by

duration of life around the mode of death decreases, ledading gt [ b gyt

lower dispersion of ages of death around the most likely age hy = hoey 7° “, (2)

of death. Expansion takes place because the age when death is . . .
most likely to occur increases as time passes, due to improvéfv.'th 9,7 b constant and the Brownian motioW uni-
ments in economic and social conditions, medicine progeess dimensional.

etc. Dahl [2004], Biffis [2005], Denuit and Devolder [2006] and
Schrager [2006] in modelling the stochastic force of mdstal
have applied the same mathematical tools used in the credit
risk literature to model the time to default. Under thisiseft

The actuarial literature about modelling and forecastirg-m
tality rates is vast and has a long history: for a detailesteyur

of the most significant models proposed in the literature, S€ihe remaining lifetime of an individuat, is a doubly stochas-

for instance Pitacco [2004b]. Traditionally, a centrakrbias tic stopping time with intensity. At an intuitive level, condi-

been played by the “force of mortality”, defined as the oppo-. ; o L .
site of the derivative of the logarithm of the survival fuioct tionally on }, the jump process driving mortality is a Poisson

process. However) is itself a stochastic process. We refer
the interest reader to Bmaud [1981] and Duffie [2001] for a
Ha == log 5(z). thorough treatment of the mathematical framework. It is-pos
sible to show that if > ¢ is a stopping time doubly stochastic

The force of mortality is a good tool for approximating the i intensity\, then:

mortality of the individual at age, since it can be shown that:

— — fts A(u)du
Plx <Ty <z+ Az|Ty > x) = p Az + o(Az), (1) Pr > sl6) = E |e 191 3)
whereg; describes the information at timeReaders who are

i.e. th bability of dying i hort period of ti ft
I-€. he probabiily of ying in & short period of ime ater familiar with Mathematical Finance can easily see in thesr.h

., between age and ager + Az, can be approximated b . . ) :
v W g ger + Ar pproxI y of equation (3) the price at current timef a unitary default-

1Az, whenAx is small. The force of mortality is normally ¢ bond with turitv at ti ¢ it th
increasing ag increases (there are some exceptions, in corre” ©€ Z€ro-coupon bond with maturity at imse > , It the

spondence to very small values:of- due to the infant mor- sr:\o:.tt—tert[n mtelgesttr.atte m(?[deltls g|v§n| by th(tahprogesAIL.
tality — and values around 20-25 — due to the young mortalit € literature about Interest raté models can thus be vetie

in this setting. It turns out that it is convenient to specify the
stochastic intensity as an affine process, whose dynamics is
When allowing for mortality improvements over time, itis ev- given by the stochastic differential equation (SDE):

ident that the force of mortality has to show a dependence -

also on calendar year, and not only on age. Thus, the force of dA(t) = f(A())dt + g(\(t)dW () +dJ(t),  (4)
mortality can be described by a two variable functjor(y),
wherey indicates the calendar year. As timencreases and
the agexr remains fixed, the decreasing mortality rates ove
time translate into a decreasing functiop(y).

where W is an n-dimensional Brownian motiod, is a pure
Ijump process and where the drfftA(¢)), the covariance ma-
trix g(A(t))g(A(t))" and the jump measure associated with
have affine dependence ort). Interest readers can find a
Several contributions have been proposed in the last decadiorough treatment of affine processes in Duffie et al. [2003]
in order to model and forecast the year- and age-dependefhe convenience of adopting an affine process in modelling
mortality, i.e. "dynamic mortality”. One of the seminal wksr Please notice that in bond pricing the expectation is taketeuthe risk

is the Lee-Carter method (Lee and Carter [1992] and Lee neytral measure, while in this context it ispappropriate ®the historical
[2000]), that models an actuarial indicator similar to thece measure.




the intensity lies in the fact that, under technical condifi distribution with parametef,” A, du. Intuitively, the counting
(see Duffie and Singleton [2003)), it yields: processN may be seen as a process that jumps whenever the
individual dies:N; =0if t < T, Ny =1if t > T,.

We notice that, whem changes, the process (¢) describes
the future intensity of mortality for any aget¢ of an individ-
ual agedr at time 0. In other words) captures the mortality
)&ntensity for a particular generation and a particulaiahige

PIs ,A(u)du|gt] — UT=D+BT =) (5)

where the coefficienta(-) and5(-) satisfy generalized Ric-
cati ordinary differential equations (ODESs). The latten te
solved at least numerically and in some cases analyticall
Therefore, the problem of finding the survival function (8} b
comes tractable, whenever affine processes\foy are em-  As in the works mentioned in the previous section, we select
ployed. In this setting, Dahl [2004] selects an extended-Coxan affine process for the intensity,. Then, according to (3)
Ingersoll-Ross (CIR) process, i.e. a time-inhomogeneons p and (5) the survival probability is:
cess), reverting to a deterministic function of time
S (t) = P(T, > t|Go)

Ay = (BNt @) = YN @) Aagt)dE+ p (8, 2)y/ Na b W, —glels Ao (w)du |

(6) B 0]

wherez is the initial age. = O +BHA(0) (11)

Biffis [2005] chooses two different specifications for the in
tensity process. In the first one, the intensiiyis given by a _ ) _ ) ) )

jump diffusion proces¥, with dynamics given by the SDE  implementation of the model. Notice that if one chooses time
homogeneous processes, the calibration to actual dateecan b

dY; = v(gy(t) — Y)dt + odW; — dJ;. (7)  performed through standard procedures, such as maximum
likelihood (ML). We also have in mind the need for coupling
In the second one, which is a two factor model, the irltensit)fnorta"ty modelling with interest-rate modelling for pirig
Ac is a CIR-like process, mean reverting to another progess  jnsurance contracts such as annuities and longevity b&ods.
The dynamics of the two processes are given by these reasons, in what follows we select time-homogeneous
Dy = 1Oy — )i+ o @thl ®) gglrr\ﬁ ?ﬁgiﬁﬁ;@? r:‘;)r the mortality intensity. In additioe, ob

dhi = ya(m(t) = A)dt + o/ Ae —m*(t)dWE. (9) o Cairns et al. [2006] in their list of properties that a good
model for stochastic mortality should have, rule out strong
mean reversion, even to a time-dependent target;

Luciano and Vigna [2005] find that time-homogeneous
mean reverting affine processes fail to fit observed moytalit

wherea(t) andj(t) are the solutions to Riccati ODEs.

Denuit and Devolder [2006] introduce various stochastidimo
els for the force of mortality. Their models are continuous-
time versions of the Lee Carter model. It should be noted that
the more general form of their models includes a mean rever-

. o tables;
sion effect to a limit table. ' .
o the force of mortality observed and/or extrapolated froen th
Schrager [2006] proposes an-factor affine mortality model, mortality tables does not seem to present a mean reverting
whose general form is given by behaviour, but rather an exponential one.

M Thus, we restrict our attention to non mean reverting pro-
A (t) = go(z) + ZYZ-(t)gi(x), (10)  cesses, with deterministic part that increases exporigntia

i=1 We notice that the exponential growth is the main feature of
the Gompertz model, that is here extended in a natural way.
Three affine models with the desired characteristics are pre
sented and discussed below.

where the factor§; are mean reverting.

3 Time-homogeneous affine processes

Consistently with the doubly stochastic approach setup, un3.1 The Ornstein Uhlenbeck process
certainty is described by a complete filtered probabilitsicsp
(Q, F,P) and a filtration{G; : ¢ > 0} of subo-algebras of
F satisfying the usual conditions. We consider an individual
agedz at time0 and model his/her random future lifetirfig

as a doubly stochastic stopping time with intensitydriven dA(t) = aA(t)dt + ocdW (t), [OU] (12)
by the sub-filtration{ F; : ¢t > 0}, whereF; C G;. Roughly

speaking, this means that, for any timec s, conditionally =~ With @ > 0 ando > 0.

on the information g_enerated_ By U Fs, T is the first jl_Jmp 4 This has to be allowed for when choosing the mortality talbie:approach
time of a non explosive counting proceSshat has a Poisson  adopted here is a “diagonal” one.

The first candidate for describing the intensity(¢) is an Orn-
stein Uhlenbeck process (from now on, we omit the initial age
x for convenience), with SDE:
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By solving it, we get to the following expression for the inte  In addition, the probability of surviving forever tends tdin-
sity: ity. These unrealistic and undesirable features are duleeto t
t fact that the survival intensity can take negative valueh wi
_ at a(t—s)
At) = A(0)e™ + U/O € AW (s). (13) positive probability. Thus, from a purely theoretical poaf

By applying standard results on linear SDES (see, for imstan view, the Ornstein Uhlenbeck model can be considered inade-

Arnold [1974]) to the process (13) we have thédt) is nor- quate to describe the intensity of mortality. However, it be
mally distributed with mean seen that in the applications this model turns out to be rathe

appropriate, since the calibrated values maKevery large
E(A(t)) = M0)e™, with respect to human survivorship and therefore make the
survival probability a decreasing function of age. As a con-
sequence, the point after which the survival probabilitydte
e2et _ 1 to infinity is far greater than experienced human surviviprsh
2a Furthermore, as seen above, also the probability of negativ
pvalues of) turns out to be negligible with the calibrated pa-
rameters. Thus, once calibrated, the model is biologicaly
sonable and seems to be useful with respect to practicat appl
cations by actuaries: for instance, a modified version & thi

e2at _ | model has been used by Menoncin [2008].
PA®#) <0)=P [ X0)e" +0 52 N <0

3.2 The Ornstein Uhlenbeck process with jumps

and variance

Var(\(t)) = o? -

The main drawback when choosing this process for the inte
sity is that it becomes negative with positive probabilitie
probability that\(¢) takes negative values is:

at
=P|N< _)‘(L In the second model we add a jump component in the stochas-

o 62"2';‘1 tic part of the mortality process. The inclusion of jumps in
a mortality model is motivated by the fact that the intensity
= 2(¢(o,a)), of mortality can suddenly change (either improving or wors-

with ening) due to unexpected external events that can affekt it.
A(0)edt priori, jumps can be of positive size, in which case the morta
((o,0) = — \/m’ ity worsens (in the case of wars, for instance), or of negativ

7 R size, in which case mortality improves (in the case of medici

whereA ~ N(0,1) and® is its distribution function. It turns  breakthroughs). Therefore, the procads given by:

out that the functiorg (-, -) is an increasing function ef and a .

decreasing function af, and so is the probability of negative dA(t) = aA(t)dt + odW (t) +dJ(t), [OU]  (18)
values of . In practical applications to mortality modelling where.J is a pure compound Poisson jump process, with Pois-
this probability tends to be very small, since the relevaatt v son arrival times of intensity > 0 and exponentially dis-
ues ofo anda are respectively small and high enough. We will tributed jump sizes with mean. We assume independence

come back to this point later, when presenting the calibnati between the Brownian motidi and the Poisson process. As
The survival function is given by (11), where the functiens in the case without jumps, the intensity can in principle be-
andg solve the system of ODEs (see Dulffie et al. [2000] paggcome negative, even though its distribution is not Gaussian

1350-1351): any longer.
/ 1 222
{ a,(t) =30 0°(1) (14) We find a closed form solution provided that (see Duffie et al.
B (t) =-1+ aﬂ(t) [2000])
with boundary conditions
B(t)<l if >0 B(t)>l if <0
a(0) = 0,3(0) = 0. (15) n = n =

(19)
Under these technical conditions, we have to solve theviello
ing system of ODEs fotx and5:

o? _ a2 at % 2at 302
{ Oz(i) t— Ze + Zze + 9% (16) { o' (t) = %0262(0 4+ ]-1B8%)

By solving the system 14-15, we find that the functioits)
andg(t) are:

B(t) _ ?T(Ql —e®). 1-nh(®) (20)

B'(t) = -1+ aB(t)
We observe that with a strictly positive valuemfthe survival _ N
probability is decreasing for < 7* and increasing fot >  With boundary conditions
T*, where

a(0) = 0, 4(0) = 0. (21)
2 2
T — 1 |1+ 2 )‘2(0) (1 +./1+ 220 )] . (A7)  The equation fog is the same as before (14), so is the solu-
a o a*A(0) tion. The solution fow is instead different (due to the inclu-




sion of the jump component), and we have

a(t) = (j 2
— 24 In
Blt)y=1(1- eﬂt)

)t_g at_,r 2at+
1— ﬂ at)

(22)

Observe that if) > 0, condition (19) is always satisfied, since
B(t) < 0. On the other hand, if < 0, the condition has to be

The solution is:

alt)=0
bt (30)
{ ﬁ(t) = (1+deb’
with:
b= —Va?+ 202
c=bbe (31)
d — ;

checked. In both cases, it guarantees that the argumerg of th

logarithm in (22) is positive.

The main advantage of this process w.r.t. the previous anes i
that it does not violate the non-negativity constraint & it

Also in this model the survival probability can be an increas tensity, provided that the starting point is nonnegativenust
ing or decreasing function of A necessary and sufficient con- pe said that the intensity process can reach 0 and stay there

dition for it to be decreasing is

30—25@)2 + llni(;()t) +aX(0)B(t) — A(0) < 0. (23)
A sufficient condition for (23) in turn is that:
ln(l B ﬂ2a) <t< ln(l B ﬂla) (24)
a a
forn > 0 and
. In(1 ;ﬁgﬂ,) v i< In(1 ;ﬁm) (25)

forn < 0, where

(0 — 21aX(0)) — /(02 + 21aX(0))2 + 8n202(A(0) + 1)

A= 2no?

and

5 (0 —21aX(0)) + /(02 + 21aX(0))2 + 8n202(A\(0) + 1)
) = .

2no?

3.3 The Feller process

The third model proposed is the Feller process:

dA(t) = aA(t)dt + o/ A(t)dW (t), [FEL] (26)
wherea > 0 ando > 0.
The solution\(¢) of the SDE (26) is
At) = A(0)e” + / L N ) (27)
0

and its distribution can be obtained following Feller [1§51

with positive probability. Nevertheless, the probabitifysuch
an event is negligible in the practical applications. Ferth
more, this unfortunate event has never occurred in the aimul
tions run with the calibrated parameters. Given that thé-coe
ficientsb, ¢, d are negative, the survival probability is always
decreasing in - a biologically reasonable feature - if and only
if

e (0% +2d%) > 0% — 2dc. (32)

Notice that (32) is automatically satisfieddf — 2dc < 0,

a condition which holds in our calibrations. Thus, in the-cal
ibrated model the survival probability is decreasing atrgve
age. Thisis a second advantage of the model w.r.t. the OU and
the OUF. An example of application of this process can be
found in Luciano et al. [2008].

3.4 Impact of mortality randomness

In this section, we investigate the effect on survival pliba
ities of the mortality intensity randomness. To this aimisit
useful to analyze the relationship between the stochastic i
tensity of mortality and the deterministic force of mortali
Recall that the force of mortality,. at ager is defined as

. Pl <Ty<zx+h|Th > x)
e = lim .
h—0 h

In our case, we have:

e = lim © (1_ M)

h—0 h S(IL)

b a(z) — alz + h) + A (0)(B(z) — B(z+ h))
h—0 h

= —a/(x) = X(0)5' ().

The application of the affine framework gives the following |, the OU model, the force of mortality becomes:

system of ODEs for and3:

a/(t)=0
L TR
with boundary conditions
a(0) =0,5(0) =0 (29)

5 We thank Qin Shang for spotting a typo in a previous versiathefpaper.

0.2

ﬁ(eal — 1)2

My = )\0(0)6‘” - (33)

6 1t must be said also that far— +oo the survival probability tends te%,
which in our applications turns out to be of the ordereof!?%9 or less.
However, notice that this unrealistic feature would noteadntrast with
some discoveries in the biological field that the force of niitytaf fruit-
flies increases with age up to a certain point, then reachiesesap and may
even decrease (see Thatcher [1999]).



In the OUj model we have: log-likelihood has been maximized by numerical selectibn o
) e the model parameters. The standard errors of the parameters
ta = Ao(0)e® g (e —1)%— ! (1 ane ) _cannot be computed because the number of exposed to risk on
n

2a° a— a—n+new which these mortality tables are based is not known (see also
(34) " Thatcher [1999]). However, to assess non-asymptotic tebus
In the FEL model we have: ness and reliability of the results, we have calibrated thaees
4)o(0)b%eb® of the parameters also by minimization of the mean square er-
Ha = [(a+Db)+ (b—a)eb=]2’ (35)  ror®. The values of the parameters from the two procedures

_ _ o are almost identical. We have also checked the conditiaats th
Observe that in all cases,df = 0 andy = [ = 0 (i.e. if the  make the survival function decreasing at least up to age 120,
intensity is deterministic) we have: i.e. condition (17) for the OU model, (23) for the OUj and (32)

e = Ao(0)e™ = Xo(a), for the FEL.

In the calibration, the optimization of the mean jump size,
i.e. the force of mortality at age coincides with the intensity s performed on negative values only. The choice of a negativ
of mortality for a new born individual after years. Further-  jump size is motivated by the expectation of sudden improve-
more, the force of mortality is of the Gompertz typélow-  ments in the intensity of mortality: jumps should correspon
ever, the coincidence between intensity of mortality anddo  to discontinuity points of the intensity process, that cand
of mortality is clearly no longer true when the intensityridy  |ated, for instance, to medicine progresses. Negative §imp
stochastic. the intensity process render positive the probability thain-

Itis easy to show, by application of the Jensen inequalityéo  t€NSity becomes negative. This inconvenient is also okserv
survival function, that a higher randomness in the stoehast PY Biffis [2005]. However, in practical applications andieal
intensity produces an improvement in the survival protabil Prations the jump size and the frequency result so small that
ties. Practically, the force of mortality in the OU and thejou the probability of negative values can be considered neglig
models (see egs. (33) and (34)) decreases wlmenincrease: ble.

therefore, the survival probability increases when thetsis-  Table 1 reports for each intensity process the maximized log
tic component increasésin the FEL case it can be shown |ikelihood, the mean square error and the optimal values of
that the functions of equation (30) is increasing in. This  the parameters, as well as the corresponding initial vafue o
implies that the survival probability increases with thifdi X, \g5(0) (which has been chosen equaktdn(ps)).
sive part also in the FEL model. Therefore, ceteris paribus,

the force of mortality of the stochastic models is lower than 1885 1900 1935 1945

its deterministic counterpart for any initial age. ) 0.03918 | 0.03739 | 0.01145| 0.00885
OU-logL | -3.33277| -3.35984 | -3.56148 | -3.55359
. . OU-error | 0.00043 | 0.00012 | 0.00085 | 0.00027
4 Calibration OU-a 0.0765 | 0.0792 | 0.0995 | 0.1094
. . . OU-o 0.00103 | 0.00335 | 0.0003 0.0007
We have calibrated the three processes to different gémesat OUjlogL | -3.33276| -3.36061 | -3.56148 | -3.55392

in the UK population. The mortality tables selected for the | OUj-error | 0.0001 | 0.00004 | 0.00002 | 0.00016

calibration are two observed generation tables, for madess b OUj-a 0.07653 | 0.07478 | 0.09933 | 0.10746
in 1885 and in 1900 respectively, and two projected mortal- 88};’ 8-888;% %%%011 06%00011 8-88832
ity tables, for males born in 1935 and 1945 respectively. Ini OUj-n -0.0015 | -0.00003!| -0.00003| -0.00003

tial age has been chosen equal to 65. The data relative to theFE[-jogl [ -3.33275| -3.3598 | -3.56148| -3.55358
observed mortality tables are taken from the Human Mortal- | FEL-error | 0.00044 | 0.00012 | 0.00084 | 0.00027
ity Database (University of California, Berkeley (USA),dan FEL-a 0.076 0.08 0.1 0.11
Max Planck Institute for Demographic Research (Germany) |_FELo 0.0006 | 0.016 | 0.002 | 0.007
[2002], data downloaded on August 10, 2004). Those for the Tap1e 1. Maximized log-likelihood, mean square errors
projected tables are taken from the Standard tables of morta
ity 1992 for UK immediate annuitants, IML92 (Institute and
Faculty of Actuaries [1990]). In all models, the mean square errors are very low, indigatin

The death rates as well as the number of deaths at each as%tlsfactory fit to the relevant mortality tabl_es. The OUjdeb
. . . S always better than the OU model and in three cases out of

have been derived by the mortality tables mentioned abovefb [ fits also better than the FEL model. Finallv. we noticetth

In fitting the table, we have used the maximum likelihood urt -rihally, w !

(ML) procedure. For each given process, the correspondin ith th.ese values of the parameters the probablllty O.f r_lwat
tensity for the OU model can be considered negligible for
" Indeed, ife = 0 the evolution ofA(t) is deterministic and coincides with  all practical applications.
the Gompertz specification.
8 As an alternative, one can observe that the functionf equation (16) is 9 By mean square error, we mean the sum of the squares of theediffes
increasing inr and that the function: of equation (22) is increasing in both between the survival probabilities of the table and the modes, divided
o andl. by the number of data.

and parameters of the calibrated processes.
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The change in the parameteXxs;(0), which is the observed
mortality intensity at age 65, and which is the relative rate

of increase of the force of mortality of the underlying Gom-
pertz model, gives a measure of the mortality trend, as cap-
tured by the models. When considering younger generations,
Xe5(0) decreases from 0.04 to 0.0088, whilencreases from
0.07 to 0.11 (with the exception of the OUj model, generation
1885-1900). These results match very closely those found by
Thatcher [1999].

Graphs 1, 2, 3 and 4 report, for the different generatiorss, th
survival function of the three processes analyzed (OU, OUj
and FEL) and that of the corresponding mortality table.

Generation 1885

Generation 1945

© O N O O = ¥ N O M O D AN O O
© ©® N N N ® © ©® &6 O ® 6 O O O

Age

[+~FEL  IML92-45 = OU —~OUj]

Graph 4. Survival functions, generation 1945.

© ® N 1 O - ¥ N O M © O N 1 @©
© © N N N © ©® ©® ® 0 O ® O O O

Age

[~ FEL 1885 -« OU - OUj]

Graph 1. Survival functions, generation 1885.

Generation 1900

© ® N B O - ¥ NN O ® © O N W ©
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Age

[=-FEL 1900 = OU = OUj]

Graph 2. Survival functions, generation 1900.

Generation 1935

111 3

o N 1 ®
© N N N © © ® & ® o o O O O

[+~FEL  IML92-35 = OU —~OUj]

Graph 3. Survival functions, generation 1935.

The fit is very good and all the survival functions cannot be
distinguished from each other. This happens also with the
last two generations, indicating that these models caphare
rectangularization phenomenon. To conclude, let us plot in
Graphs 5, 6, 7 and 8 the calibration errors, i.e. the diffeesn
between the observed survival probabilitiesg§) and their
theoretical counterpart$§s (¢)) for all the generations.

Difference (observed table - survival function),
generation 1885

0.02

0.015 -

0.01 -

0.005 -
0

65 70 75 80 85 90 95 100 105 110
-0.005
Age
FEL - OU - 0Uj

Graph 5. Calibration error, generation 1885.

Difference (observed table - survival function),
generation 1900

0.006

0.004 4k
0.002 - l/\’\’\
0 Sy o= st s =S SN
T R T e '

-0.002 65 70 7”;\/“*8’6‘e 85 95 100 105 110
-0.004 4
-0.006 -
-0.008 -

-0.01 A
-0.012

Age
FEL = OU —0Uj

Graph 6. Calibration error, generation 1900.



¢ the force of mortality should keep positive: our models do
not meet this criterium; however, the probability of nega-

Difference (IML35 - survival function) tive values of the intensity is negligible for practical &pp
cations;
05";? e long-term future dynamics of the model should be biologi-
0,008 | “‘ cally reasonable: our models meet this criterium, as the cal
— i brated parameters fulfill the conditions for biological mea
ooe] .t ingfulness stated in section 3;
0002 ¢ long-term deviations in mortality improvements should not
S LTI ’ be mean-reverting to a pre-determined target, even if the
'°'°°265_m_u—85—%;%_1mm4ﬂ40 target is time-dependent: our models meet this criterium by
construction;
e model should be comprehensive enough to deal appropri-
Graph 7. Calibration error, generation 1935. ately with pricing valuation and hedglng prObIem: our mod-
els meet this criterium, since it is straightforward to exte
them in order to deal with pricing, valuation and hedging
problems;
Difference (IML45 - survival function) e it should be possible to value mortality linked derivatives
o008 using analyticaI. me'tho.ds or fast numerical methods: our
0006 |  usiii models meet this criterium, as they produce survival prob-
00041 K‘,;zf ----- . abilities in closed form and with a very small humber of
0 e R ey parameters.
:g:ggi@ 70 75 80 '.8.5 90 95..100 105 110 115 120
-0.006 - . s Cairns et al. [2006] add that no one of the previous criteria
-0.008 + L) . . ' . '
-0.01 dominates the others. Consistently with their view, we sup-
0012 age port the validity of our models, which meet five criteria out
of six. As every choice, our comes to a cost: the violation of

the second criterium above is the price that we pay in order to
Graph 8. Calibration error, generation 1945. have a simple and parsimonious model. In addition, the sur-
vival functions are given in closed form and depend on a very

In general, the three models give similar errors for eachlage SMall number of parameters, which simplifies the calibratio
was already known from Table 1 that the global mean squarBrocedure enormously.

error and the maximized likelihood were close to each other

for all models. Graphs 5, 6, 7 and 8 confirm this result for eactg Empirical relevance

age. We believe that this result allows one to use interalang )
ably the three model& 5.1 Simulated number of deaths

Optimally fitted models present low diffusion parameters.
4.1 Discussion of appropriateness This feature is evident both in the observed mortality table
and in the projected tables. This section aims at showing tha
The aim of this section is to discuss pro and contras of thealso relatively small volatility values can produce sigrafit
models proposed. Cairns et al. [2006] report a list of ddter effects on the intensity and on the number of deaths.
that a good mortality model should meet:

e the model should be consistent with historical data: the cal 1900
ibrations show that our models meet this criterium; d

10 The difference betweeppgs of the observed table anSs;(¢) of each
model is positive fot < 10 approximately, negative between= 10 and 31
t = 20 approximately, then again positive for> 20. This means that,
in the case considered here, the fitted survival probaisliin comparison
with the basic table (on which the calibration is done), urdémate the
survival probabilities between ages 65 and 75, overestithata between
ages 75 and 85 and underestimate them again after age 85. ciimesa- 0 T =

erations become quite important whenever the model were todzefas O m©o o N oINS BYEIIILSI
pricing purposes (under the assumption of no stochastic fitpriak pre- t
mium): for example, underestimation of the survival probapiietween [ 5th perc. — 25th perc. —=50th perc. —=75th perc. = 85th perc.]

ages 65 and 75 would lead to lower than needed premiums for pure e

dowment policies with duration 10 years, sold to an indivicaged 65, . . . . .
and premiums higher than needed for term assurances withrtreciza- ~~ Graph 9. Percentiles of the simulated intensity for genamat

tion sold to the same individual. 1900 (FEL model).
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To this aim, we have simulated the procegs(t) for the gen-  lieve that the deterministic Gompertz law would not have de-
eration 1900 using the calibrated parameters of the FEL modecribed accurately the mortality of this generation. Ferth
(i.e.a = 0.08 ando = 0.016). We have simulated 100,000 more, it would not be appropriate for any generation with suf
paths of\gs (t) after having discretized each year into monthly ficiently high value of the diffusion coefficiettt

intervals. Thest”, 25" 50" 75" and95t" percentiles of the

paths are reported in figure 9. The impact of volatility can bes 2 Forecasting mortality and mortality trend

appreciated especially at old ages. _ )
The calibrated models can also be used for mortality extrap-

In order to have a better understanding of the practicaleons gation or future mortality prediction. There are two ditfat
quences of the volatility of the intensity, we have conseder \yays to look at future mortality: the first onevisthin a certain

the simple case of a portfolio of 1000 ten-years term assufgeneration, the second onetistweendifferent generations.
ance policies sold to males aged 65 born in 1900. The 100,00@jith the first method, given a generation, one can calibrate
paths of the intensity process simulated above have beeh usghe intensity process on the observed data and then forecast
to simulate the number of deaths within ten years in 100,00@he evolution of the survival function in the future by cahsi
different Scenaridé. In order to assess the impaCt of volatil- ering its nght tail after the last observation. With the ced

ity of the intensity process, we have simulated the number ofnethod, one can consider how the different calibrated param
deaths also in the case of deterministic intensity, i.ehm t eters Of the intensity process Change When Changing genera_
cases = 0. For consistent comparisons, the stream of pseud@on: in such a way one can consider the mortality trend (or
random number used for simulating the death of each indi=cohort effect”). We will differentiate between these twi-d
vidual in each scenario is the same in the two cases. Tabl@rent methods by Ca”ing themrecasting morta”tﬁndmor-

2 reports some statistics of the distribution of the number Otality trend, respectively. For both purposes, typically one has
deaths in both cases. to calibrate the survival curve when the members of a genera-
tion are not all dead. The ideal set of data one needs in order

NViean 04:3%05146 422071 to make a calibration of the model to a relatively young cbhor
) 0 '69 15 .76 is a generation mortality table until the observation d&ta.
Mi.n ev. 241 37.6 example, if the calibration is done in 2005 and the genemnatio

under consideration is the one born in 1905, the data needed
are the observed mortality rates of this particular gerarat
for 100 years. Unfortunately, generation tables are tylyica
available only for generations whose members are all dead.

5th perc. 355 417
25th perc.| 404 432
50th perc.| 439 443

75thperc.| 473 453 However, one can extrapolate the desired data by first ¢ellec
95th perc.| 522 469 ing in a unique table all the observed mortality rates year by
Max 648 512 year (i.e. contemporaries tables) from 1905 to 2005 and then

taking the diagonal starting froigy in 1905 tog;go in 2005.
This procedure does not give exactly the mortality rates of
a certain generation observed throughout life, but is abnsi

Not isinalv. th b f deaths i .ered a good approximation. Furthermore, it is feasible beea
ot surprisingly, the average number of deatns 1S approxig . o, easily have access to observed mortality rates year b
mately the same. However, as expected, the variability ef th

. ) . ; . ear — for example, the Human Mortality Database mentioned
number of deaths is substantially higher when the interdity y P y

S . . o above is a convenient database that provides yearly data for
mortality is stochastic than in the deterministic case. Bigm b yearly

o many countries dating back to the last century. The next ste
the standard deviation of the number of deaths boosts up b y g y P

. onsists in calibrating the diagonal data. It is clear that t
more tha_n 29%' To hgve a better l_anQrstandlng of the prac'younger the generation, the lower the number of observed sur
_tlcal |mpI|cat|0ns.of this higher variability, let us obserthat ival probabilities on which we make the calibration. How-
in 90% of scenarios the n.um.ber of degt.hs'vanes betwgen A_'l ver, the initial ager can be lowered in order to produce a
and 469 when the intensity is deterministic, whereas itegari sufficiently high number of data.
between 355 and 522 when the intensity is stochastic. This
significant difference would have an impact on the pricing of
the term-insurance policy, whenever the dispersion of num-
ber of deaths around the mean would be taken into account

in the premium calculation. Based on this evidence, we be-

Table 2. Statistics of simulated number of deaths: comparis
between stochastic and deterministic case.

1 The methodology used for simulating the number of deaths isthase
the following property: the first jump of the doubly stochegirocess (in
our case the death of the individual) occurs as soon as tegraitof the
intensity reaches a random level, which is distributed exptially with
parameter 1. In each scenario, we have simulated for eactidodhthe 12 Simulation results on the number of deaths not reported hexe ttat the
realization of the exponential random variable, and themted the num- difference with the deterministic case can be appreciatéukiff EL model
ber of deaths. whenever the values of are higher than 0.003.
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5.2.1 Mortality forecasting

As an illustration, Graphs 10 and 11 report the mortalitgfor
cast for the generation 1910 with initial ages 65 and 35. The
graphs show the observed and the theoretical survivalifimct
according to the FEL model.

Generation 1910, initial age 65

1.2

14
0.8
0.6
0.4
0.2 -

0

95 100 105 110 115 120
Age

——observed — theoretical

65 70 75 80 85 90

Graph 10. Observed and theoretical survival function,
generation 1910, initial age 65 (FEL model).

Generation 1910, initial age 35

12
11

0.8 .‘\

06 N \

75
Age

——observed —theoretical

0.4 4
0.2 4
0

35 45 55 65 85 95 105 115

Graph 11. Observed and theoretical survival function,
generation 1910, initial age 35 (FEL model).

In the graphs, the right tail of the “theoretical” curvesathe
forecast of the survival functions after the observatioteda
implied by the FEL model for the same generation. The two
curves are different, since boti; # ags andoss # ogs.

In order to check whether this forecast procedure gives reli
able results (by comparing the forecasted mortality with th
experienced one), we have applied it on the generation 1880,
initial age 65. We have calibrated the parameters of the pro-

Generation 1880 observed in 1964

Survival probability
o o o
= > ®

o
o

o

70 75 80 85 90 95 100 105
Age
—— observed — forecasted

110

115 120

Graph 12. Observed and theoretical survival function,
generation 1880, initial age 65, observation date 1964.

Generation 1880 observed in 2005

e o o9
> o ®
I I |

Survival probability

o
)

0

Age

—-observed — forecasted

65 70 75 80 8 9 95 100 105 110 115 120

Graph 13. Observed and theoretical survival function,
generation 1880, initial age 65, observation date 2005.

0.004

Difference: Observed tpes — Forecasted Ses(t)
Generation 1880

0.003 4

0.002

0.001 4

-0.001

+
25 30 35 40 45

+
50

cess taking year 1964 as observation date. It must be specifie Graph 14. Difference between observed and theoretical
that in this case the simple ML procedure is not applicablesurvival function, generation 1880, initial age 65, obsa#ion

because the survival data observable in 1964 for the genera-

tion 1880 were not complete. For this reason, here the ealibr

date 2005.

tion procedure used is the minimization of the mean squardhe differences between the forecasted and the experienced
error®, Graph 12 reports the forecasted and the observed sugurvival probabilities result to be very small: we find this a
vival probabilities in 1964, graph 13 reports them in 200% a €ncouraging result in terms of reliability of the proposexet
graph 14 reports the differences between the survival prob#asting procedure.

bilities experienced after the observation date and the-for
casted ones.

13 We are also supported by the evidence provided in sectioat4hi two
calibration procedures give almost identical results.
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5.2.2 Mortality trend within a single cohort and between different cohorts, respe

. : I tively.
In section 4, when presenting the calibration results fer th 4

non mean reverting processes we have already remarked thHtis paper leaves scope for further research in many direc-
the parameters follow a trend from one generation to therothetions. We have considered only negative jumps in the mor-
The mortality intensity at age 6345(0), is decreasing, while tality intensity in order to capture improvements in matyal

the relative rate of increase of the force of mortalityis in- (medicine progresses, better standard of life etc.). Aarint
creasing. Another way of looking at mortality trend consiat ~ esting extension consists in including positive jumps,clihi
comparing the expected mortality intensity for differeang  would capture also catastrophic mortality events. In aoiait
erations. To do this, we have simulated the procgsét) for ~ positive jumps could be designed to have transitory effects
the generations 1885, 1900 and 1920 with the same method#ather than permanent ones. Extension of the doubly stechas
ology presented in section 5.1. Graph 15 reports the mean & setup to couples of individuals has been introduced i Lu
Xes(t) for the three generations. ciano et al. [2008] and is subject of ongoing research. Last
but not least, the adoption of these processes for pricidg an
reserving purposes in life insurance is also appealing.

Mean of Ass(t)
4
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